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Abstract. Covariational reasoning plays an important role to indicate quantities vary in learning
calculus. This study investigates students’ covariational reasoning during their studies concerning
two covarying quantities in integral problem. Six undergraduate students were chosen to solve
problems that involved interpreting and representing how quantities change in tandem. Interviews
were conducted to reveal the students’ reasoning while solving covariational problems. The result
emphasizes that undergraduate students were able to construct the relation of dependent variables
that changes in tandem with the independent variable. However, students faced difficulty in forming
images of continuously changing rates and could not accurately apply the concept of integrals. These
findings suggest that learning calculus should be increased emphasis on coordinating images of two
quantities changing in tandem about instantaneously rate of change and to promote conceptual
knowledge in integral techniques.

1. Introduction

Several studies [1,2,3,451;1\:& revealed that the thinking of calculus students that are interpreting and
representing the varying rate of change for intervals of a function’s domain is slow to develop, with specific
problem reported in students’ ability to interpret graphical function information. Studies by [1,2,5] have
underlined that calculus students do not appear to view a gg@ph of a function as means of defining a
covarying relationship between two variables. Whereas this covariation view of function has also been
essential for laierstanding concepts of calculus [1,6].

In [7] had showed that not only covariational reasoning abilities of teachers were weak and lack depth,
but also their predictions about students’ reasoning abilities bounded by their own thoughts related to the
problem. However, its result only focused on the level of covariational reasoning and did not investigate
deeply about teachers’ mental action. Moreover, many researchers [8,9,1,10] had investigated about
covariatioffp) reasoning, but none of them exposed covariational reasoning that related with definite integral
concepts. The definite integral concept is one of the main concepts in studying calculus. Many researchers
[11,12,13,14] indicated that students have consistently difficulties in understanding and implementing the
concept of definite integral, with specific problem, namely computational error and misconception in
evaluate the proposed integrals. Therefore this study focuses the investigation on how students’ reason
during their studies concerning two covarying quantities in integral problems.

m’ Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
[ of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI,
Published under licence by 10P Publishing Ltd 1
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2. Method

This study was conducted on the international class of the mathematics’ education study programme of
Universitas Negeri Surabaya (Unesa), in academic year 2016 which was chosen by purposively sampling.
The international class consists of 4 male and 21 female. From the test of represented 2™ semester calculus,
we obtained that 6 students (score >80), 12 students (80> score =70), and 7 students (score <70). Six
students had sign as volunteer subjects of the research. Six volunteerly students who had studied definite
integrals topic in calculus class were set up to answer three items of the proposed problems relating to an
analysis of covarying two quantities.

The instrument consists of three items, and had validated by two senior lecturers of the mathematics’
department of Unesa. The six students invited to complete three written problems that involve interpreting
and representing how quantities vary in tandem, which were identically designed in context but the problems
have different representations, namely algebraic representation, graphical representation, and numerical
representation. Three of these students (labeling with A, B, and C) were volunteerly invited to participate
in the interview sessions that concentrated on how students reason during solving covariational problems.
The selection of the interview subjects was also based on diversity responses on their written test. The
analysis focused on students’ use of reasoning covariationally wigE responses to the written test, which
related with five mental actions [1] of covariational reasoning (see Table 1).

Table 1. Mental action of covariational reasoning
Description of Mental Behaviors
Action
Coordinating the value of + Ejbeling the axes with verbal indications

Mental Action

Mental Action 1

(MAT)

one variable with changes
in the other.

of coordinating the two variables (e.g., y
changes with changes in x).

Mental Action 2
(MA2)

Coordinating the direction
of change of one variable
with changes in the other
variable.

Ebnstructing an increasing straight line.
Verbalizing an awareness of the direction
of the change in the output while
@@nsidering changes in the input.

Mental Action 3
(MA3)

Coordinating the amount
of change of one variable
with changes in the other.

[Elotting points/constructing secant lines.
Ed:rbalizing an awareness of the variable
amount of change of the output while
considering changes in the input.

Mental Action 4
(MA4)

Coordiffiting the average
rate-of-change  of  the
function with uniform
increments of change in
the input variable.

Constructing contiguous secant lines for
the domain.

(¥ balizing an awareness of the rate of
change of the output (with respect input)
while considering uniform increments of

E: input.

Mental Action 5
(MAS)

Coordinating the
instantaneous  rate  of
Ehange of the function
with continuous changes
in the independent
variable for the entire
domain of function.

Constructing a smooth curve with clear
indications of concavity changes.
Verbalizing an awareness of the
instantaneous changes in the rate of
change for the entire domain of the
function (direction of concavities and
inflection points are correct).

L]

Adopted from [1]
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3. Results and Discussion
The given problem (see Figure 1) prompted students to construct a graph of a dynamic situation with a
continuously changing rate. Table 2 shows the kinds of responses that the six students provided on the
written test. Only one student of these high performing 2™ term calculus students given an acceptable
solution, while four students constructed acceptable graph except discontinuous part and one other
constructed collected of line segments. During the follow up interview to describe the graph’s shape, the
three interview subjects provided varied responses.
Student A provided responses that indicated all five mental actions that linear with [1]. When prompted
to explain the rational for his acceptable graph (see figure 2), student A stated the following statements:
I remember the relationship of volume, debit, and time. Volume is area of debit and time and I used
definite integral to find data of changing volume in each hour. Then I constructed v(t) graph in the
Cartesian coordinate, time in horizontal axe and volume in vertical axe (MAI). Based on my
graphical sketch, | consider that v(t) must contain increasing function at t=0 untill t=5 and
decreasing function when t=5 untill t=7 (MA2). By using the definite integral concept, I compute the
amount of change in v(t) each hour (MA3). Then, I find the exact value of v(t) during 7 hours. Oh but
it still perform a set of points. No, it must be continuous curve since the input (time) is real number
(MA4). Okay, let me try to make shorter interval when computing value of v(t) using definite integrals.
Finally, I get that the type of graph that presents volume during 7 hours. When t=0 untill t=3 the
curve is concave since it is a quadratic function that have positive a.
Student B produced an acceptable graph except discontinuous part (see figure 3). When prompted to
explain why she constructed that type of graph, she stated as follows
1 just draw graph like what the result of my integral process. I check all initial and terminal points in
Beach intervals of piecewise function, and I get that.
She appeared to have difficulty in constructing curve of continuously changing rate. Further prompting
revealed that she was conceptually able to construct acceptable graph, but she lack in the process of integral.
She missed the constant C in integral process, therefore her computation and plotting point did not lead to
acceptable graph. This condition is similarly to that of [13].
Student C constructed a set of segments (see figure 4). When prompted to explain the rationale for her
araph, she stated 5
Since the function of Q(t) is linear so the graph of v(t) should be linear”. It indicated that she appeared
to have difficulty to construct image of continuously changing instantaneous rate”.

Table 2. Data Responses of Problem
Number of students
Responses types out of 6 providing
each response type

All aspects of graph were acceptable 1
Acceptable graph, except discontinuous part 4
Collected of line segments |
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Let Q(t) represent the rate at which amount of water in pool changed duning 7 hours periods.
Assume that the initial volume was 800 m® and there were two kinds of pipes those connected with
the pool, a pipe that filling water to the pool and other throwing water out of pool. Construct graph

of v(t), given that @ = ==
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Figure 1. Covariational Problem
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Figure 2. Graph of Student A
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Figure 3. Graph of Student B
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Figure 4. Graph of Student C

4. Conclusion

Based on the results, students were able to construct the relation of dependent variable that dPiinge in tandem
with independent variable and worked on all five mental actions. Those mental actions are: coordinating the
value of one variable with changes in the other, coordinating the direction of change of one variable with
changes in the other variable, coordinating the amount of changes of one variable with changes in the other,
coordinating the average rate of change of the function with uniform increments of change in the input
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variable, and coordinating the instantaneous rate of chang of the function with continuous changes in the
independent variable for the entire domain of function. However, students appeared to have difficulty in
forming image of continuously changing rate and could not accurately apply integral technique. This
findings suggest that learning in calculus should place increased emphasis on coordinating image of two
quantities changing in tandem about instantaneous rate of change and conceptual know(gige in integral
technique. Further studies are needed to investigate how to develop students' reasoning in coordinating the
instantaneous rate of change of the function with continuous changes in the independent variable for the
entire domain of the function.
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